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Abstract
We demonstrate that the high energy nonrelativistic asymptotics for the photoion-
ization cross section in a central field V (r) can be obtained without solving of the wave
equations for the bound and outgoing electrons. The asymptotics is expressed in terms
of the asymptotics of the Fourier transform V (p) of the field. We show that the cross
sections drop in the same way for the fields with the Coulomb short distance behavior.
The character of the cross sections energy behavior is related to the analytical proper-
ties of the function V (r). The cross sections exhibit power drop for the potentials which
have singularities an the real axis. They experience the exponential drop if V (r) has
singularities in the complex plane.
1 Introduction
In the present paper we study the high energy photoionization. In this process a bound electron
is moved to continuum by the photon impact. In this paper we calculate the asymptotics for the
photoionization cross sections without solving the wave equations for the bound and continuum
electrons. We assume the electrons to be bound by a local central field V (r) and present the
asymptotics in terms of its Fourier transform. We limit ourselves to the case when the bound
electron is in s state. We consider the photon energy ω which is much larger than the ionization
potential I and find the leading term of expansion of the cross section σ(ω) in terms of 1/ω. We
assume that the photon energy is much smaller than the electron rest energy m (we employ the
system of units with h¯ = 1, c = 1). Under this limitation the photoelectrons can be treated in
nonrelativistic approximation. Hence we analyze the high energy nonrelativistic asymptotics.
The energy of photoelectron is
ε = ω − I = p
2
2m
, (1)
with p the photoelectron momentum. Due to the condition
ω ≫ I, (2)
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we can write
p≫ µ, (3)
where µ is the characteristic momentum of the bound state. We demonstrate that in asymp-
totics large momentum q ≈ p≫ µ is transferred to the source of the field mostly by the bound
state electron. Thus the energy dependence of the amplitude is determined by the bound state
wave function in momentum space
ψ˜(p) =
∫
d3rψ(r)e−ipr, (4)
at large p≫ µ. Here ψ(r) is the solution of the wave equation
(
−∆/2m+ V (r)
)
ψ(r) = εBψ(r); εB = −I. (5)
On the other hand, the Lippmann–Schwinger equation [1] enables to present the wave
function ψ˜(p) in terms of the Fourier transform of the potential V (r) [2], which is
V˜ (p) =
∫
d3rV (r)e−ipr, (6)
Thus the asymptotics of the photoionization cross section can be expressed through the poten-
tial V˜ (p). Since the central field does not depend on direction of r, we carry out the angular
integration and write
V˜ (p) =
4pi
p
∫
∞
0
drrV (r) sin pr, (7)
From now we omit the tilde sign for the functions in momentum space, writing, e.g., V˜ (p) as
V (p). The explicit expression for the cross section
σ(ω) =
4α
3
p
ω2
|V (p)|2ψ2(r = 0); p =
√
2mω. (8)
will be derived in next Section. Thus one can find the asymptotical energy dependence of the
photoionization cross section without solving the wave equation (5).
Of course, to obtain quantitative values for the cross sections one needs the value of ψ(r = 0).
However,Eq.(6) predicts the value of the cross sections ratio at two large values of the photon
energy
σ(ω1)
σ(ω2)
=
(ω2
ω1
)3/2 |V (p1)|2
|V (p2)|2 ; pi =
√
2mωi. (9)
In Sec. 2 we derive Eq.(8). In Sec. 3 we demonstrate that this equation reproduces the
well known asymptotics of the photoionization cross sections in the Coulomb field [3] and in
the Dirac bubble potential [4]. We do it just to show that our approach works. In Sec. 4 we
consider the potentials with the Coulomb short range behavior, i.e. the potentials with the
pole at r = 0. We show that the photoionization cross section drops as ω−7/2 while the leading
corrections compose the Stobbe factor [3], [2]. In Sec. 5 we demonstrate that the character
of the energy behavior depends crucially on the analytical properties of the potential V (p).
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The singularities of the function V (p) on the real axis lead to the power drop of the cross
section. If V (p) has singularities in the complex plane being regular on the real axis, we come
to exponential drop of the cross section in asymptotics. We summarize in Sec.6.
Note that Eq.(8) and the other ones are written for the cross sections ”per one electron”.
The physical cross sections should be multiplied by the number k of s electrons in the ionized
system. Say, k = 2 for each atomic shell, k = 1 for the fullerene ion C−N , etc.
2 Equation for the asymptotic cross section
The general expression for the photoionization cross section can be presented as
dσ =
mp
(2pi)2
|F |2dΩ, (10)
with F being the amplitude of the process. Here averaging over the directions of the photon
polarization is carried out. Now we calculate the amplitude. In photoionization the large
momentum q = k− p is transferred to the source of the field (here k with k = |k| = ω is the
photon momentum). One can see that p ≫ k except the region near threshold, and thus we
can put q = p. The recoil momentum p can be transferred either by the bound electron or by
the photoelectron. In the former case the outgoing electron is described by the plane wave, and
the amplitude can be written as [2]
Fa = N(ω)
e · p
m
ψ(p); N(ω) =
(4piα
2ω
)1/2
(11)
Now we employ the Lippman–Schwinger equation written in the momentum space
ψ = ψ0 +G(εB)V ψ (12)
to obtain the function ψ(p) at large values of p. Here G is electron propagator of free motion
with the matrix elements
〈f1|G(εB)|f2〉 = g(εB, f1)δ(f1 − f2); g(εB, f1) = 1
εB − f 21 /2m
.
Since for a bound state ψ0 = 0, we find
ψ(p) = 〈p|GV |ψ〉 = g(εB, p)J(p); J(p) =
∫
d3f
(2pi)3
〈p|V |f〉〈f |ψ〉. (13)
Due to the bound state wave function ψ(f) = 〈f |ψ〉 the integral J(p) is saturated at f ∼ µ≪ p.
Thus we can put 〈p|V |f〉 = 〈p|V |0〉 = V (p). Putting also g(εB, p) = −2m/p2 we obtain [2]
ψ(p) = −2m
p2
V (p)ψ(r = 0) = − 1
ω
V (p)ψ(r = 0). (14)
Thus Eq.(11) can be written as
Fa = −2N(ω)e · p
p2
V (p)ψ(r = 0). (15)
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The outgoing electron also can transfer large recoil momentum. The mechanism is often
referred to as the final state interaction. In the lowest order of perturbation theory the corre-
sponding is
Fb = N(ω)
∫
d3f
(2pi)3
〈p|V G(ω + εB)|f〉e · f
m
〈f |ψ〉
= N(ω)
∫
d3f
(2pi)3
〈p|V |f〉g(ω + εB, f))e · f
m
〈f |ψ〉. (16)
On the other hand, the amplitude Fa can be written as
Fa = N(ω)
e · p
m
g(εB, p)
∫
d3f
(2pi)3
〈p|V |f〉〈f |ψ〉, (17)
Since the integral on the right hand side of Eq.(16) is saturated by small f ∼ µ, we find that
Fb ∼ (µ/p)Fa ≪ Fa. One can see that the higher order terms in V are quenched by additional
powers of 1/p. Thus the amplitude F = Fa + Fb is dominated by the first term, and we ca put
F = Fa in Eq.(10) in calculations of the asymptotics. Employing Eq. (15)and carrying out the
angular integration we find
σ(ω) =
4αp
3
|ψ(p)|2. (18)
Due to Eq.(14) this expression is equivalent to Eq.(8).
3 Coulomb and Dirac bubble potentials
The Fourier transform for the Coulomb field of the point nucleus with the charge Z
V (r) = −αZ
r
, (19)
is V (p) = −4piαZ/p2. Employing Eq.(8)one finds for photoionization of ns state
σ =
16
√
2pi2α(αZ)2
3m3/2ω7/2
ψ2ns(0). (20)
Recall that in the Coulomb field ψ2ns(r = 0) = (mαZ)
3/(n3pi).
The Dirac bubble potential
V (r) = V0δ(r − R); V0 < 0, (21)
was introduced in [5] and is often used in the fullerene physics. We find immediately
V (p) = V0
4piR
p
sin pR. (22)
Thus the asymptotic cross section is
σ =
28
3
αpi2V 20 m
2R2
p5
sin2 (pR)ψ2(0); p2 = 2mω. (23)
Hence we found the nonrelativistic high energy asymptotics for photoionization in the
Coulomb and in the Dirac bubble potentials avoiding the standard procedure in which one
should start with solving of the wave equation for the electron.
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4 Potentials with the Coulomb behavior at short dis-
tances
Here we analyze the large p behavior of Fourier transforms V (p) for the potentials which behave
as 1/r at r → 0.
For the Yukawa potential
V (r) = −ge
−λr
r
; g > 0, (24)
we find
V (p) = − 4pig
p2 + λ2
. (25)
At large p≫ λ
V (p) ≈ −4pig
p2
(1− λ2/p2).
Thus the asymptotic of the cross section is just the same as in the Coulomb field and is described
by Eq.(20). One could expect this result since the asymptotic behavior is determined by the
distances r ∼ 1/p ≪ 1/λ, where we can put e−λr = 1 in Eq.(24). We kept the second term
in the parenthesis in order to show that the leading corrections to the amplitude Fa are of the
relative order 1/p2. Hence inclusion of the amplitude Fb providing the correction of the order
1/p is more important in analysis of the high energy behavior of the cross section.
The Thomas-Fermi potential in Tietz parametrization [6] is
V (r) = −αZ
r
1
(1 + ar/r0)2
; a = cZ1/3, (26)
with c ≈ 0.6 while r0 = 1/mα is the Bohr radius. The Fourier transform of this potential is
V (p) = −4piαZI(p); I(p) = 1
p
∫
∞
0
dr
sin pr
(1 + ar/r0)2
= b2
∫
∞
0
dr
cos pr
r + b
. (27)
with b = r0/a. One can obtain I as a power series of z = bp. Including only the two lowest
terms, we find
I(p) =
1
p2
(1− 6a
2
p2r20
). (28)
Thus the asymptotic of V (p) is just the same as in the Coulomb field with the charge Z. The
leading corrections are of the relative order 1/p2.
This is the common feature of the potentials with the Coulomb small distance behavior
V (r → 0)→ −αZ/r approximated by analytical functions at r > 0. Since V (p) is determined
by small r for large p, we can use Eq.(6) employing the expansion
V (r) =
−αZ
r
(1 + c1r + c2r
2) (29)
We present V (p) = −αZ[V0(p) + V1(p) + V2(p)] with the three terms on the right hand side
corresponding to those on the right hand side of Eq.(29). One finds
V0(p) = lim|κ→0
∫
d3r
e−κr
r
e−ipr =
4pi
p2 + κ2
|κ=0; (30)
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Vk(p) = lim|κ→0
∫
d3rrk
e−κr
r
e−ipr = (− ∂
∂κ
)k
4pi
p2 + κ2
|κ=0.
Thus V0 = 4pi/p
2, V1 = 0, V2 = −8pic2/p4, and corrections to the asymptotic term are indeed
of the relative order 1/p2. The cross sections are given by Eq.(20).
Now we can trace the corrections of the order 1/p to the asymptotic law. As we have seen,
such corrections can be provided by the amplitude Fb expressed by Eq.(16). Since the integral
on the right hand side is saturated by f ≪ p, we can put g(ω+ εb, f) = g(ω, 0), neglecting thus
the terms of the order f 2/p2. We come to the expression
Fb =
N(ω)
ω
∫
d3f
(2pi)3
−4piαZ
(p− f)2
e · f
m
ψ(f). (31)
Note that although f ≪ p, one can not proceed by expanding the denominator in powers of pf
since this would lead to the divergent integral. One can write
∫
d3f
(2pi)3
fΦ(f ,p) = Ap; A =
1
p2
∫
d3f
(2pi)3
(fp)Φ(f ,p),
for any function Φ(f ,p). Thus we can write
Fb = −N(ω)αZ
ω
e · p
m
T (p)
p2
,
with
T (p) =
∫
d3f
(2pi)3
4pifp
(p− f)2ψ(f).
Employing Eq.(4) we present
T (p) =
∫
d3rψ(r)ip∇rt(r),
where
t(r) =
∫
d3f
(2pi)3
4pi
(p− f)2 e
−ifr =
e−ipr
r
.
Integrating by parts and noting that for s states ψ(r) = ψ(r), i.e. does not depend on the
direction of vector r, we find that
T (p) = −
∫
d3r
e−ipr
r
ip∇rψ(r) = −i
∫
d3r
r
e−iprpnψ′(r),
with n = r/r. Thus we can write
T (p) = 4pi(T1(p) + T2(p)), (32)
with
T1(p) = −
∫
∞
0
dr
sin pr
pr
ψ′(r); T2(p) =
∫
∞
0
dr cos prψ′(r).
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Calculate first the contribution T1. The integrand is saturated at r ∼ 1/p while the deriva-
tive of the bound state function scales at r ∼ 1/µ≫ 1/p. Thus we can put ψ′(r) = ψ′(0) and
find
T1(p) = − pi
2p
ψ′(0).
To estimate the contribution T2 we carry out integration by parts providing
T2(p) = −1
p
∫
∞
0
dr sin prψ′′(r) =
1
p2
(−ψ′′(0) + ...).
Here the dots denote the terms containing the higher terms of the 1/p expansion. Thus
T2(p)/T1(p) ∼ 1/p. Looking for the leading term we can put
T (p) = 4piT1(p) = −2pi
2
p
ψ′(0), (33)
and thus
Fb =
2pi2αZN(ω)
ω
e · p
mp3
ψ′(0).
The exact solution of the wave equation (5) satisfies the first Kato condition [7], [2]
ψ′(0) = −ηψ(0); η = mαZ. (34)
Hence
Fb = −2pi
2(αZ)2N(ω)
ω
e · p
p3
ψ(0). (35)
Employing Eqs.(11), (14) (15) and (17) we can write the amplitude Fa for the field with the
Coulomb asymptotic as
Fa =
4piαZN(ω)
ω
e · p
mp2
ψ(0).
Thus
F = Fa + Fb = Fa(1− piξ
2
), (36)
with ξ = mαZ/p. Thus the cross section with inclusion of the lowest order correction beyond
the asymptotic can be written as
σ =
16
√
2pi2α(αZ)2
3m3/2ω7/2
(1− piξ)ψ2(0),
see Eq.(20).In the higher order terms of the final state interactions in the field V (r) the pho-
toelectron obtains large momenta fi ∼ p ≫ µ. Thus these interactions can be viewed as the
exchanges by virtual photons composing the wave function of the outgoing electron. Hence we
can use the Coulomb field result in which the terms depending on the parameter piξ compose
the Stobbe factor S(ξ) = exp (−piξ) [3]. Note that piξ is not supposed to be small. Thus we
obtain
σ =
16
√
2pi2α(αZ)2
3m3/2ω7/2
exp (−piη/p)ψ2(0)(1 +O(p−2); η = mαZ (37)
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5 Cross section behavior and analytical properties of the
potential
Consider first the potentials V (r) which have singularity on the real axis at certain R > 0. The
cross section for the Dirac bubble potential was found above. Now we find the cross section
for the well potential. This potential has nonzero values only in the limited interval of the real
axis, e.g. at 0 ≤ r ≤ R. If the well has the rectangular form, the potential can be written as
V (r) = V0θ(r)θ(R− r); V0 < 0 (38)
Direct calculation provides
V (p) = −4piV0
p3
(pR cos pR− sin pR).
In the asymptotics pR≫ 1 the second term in the parenthesis can be neglected, and we obtain
V (p) = −4piV0R
p2
cos pR. (39)
This provides
σ =
27αpi2
3
V 20 R
2m
ωp5
cos2 (pR)ψ2(0); p2 = 2mω. (40)
The Dirac bubble potential and the well potential provide the power drop of the cross
sections,. It is ω−5/2 in the former case and ω−7/2 in the latter case. This happens because the
behavior of the function ψ(p) depends on the character of singularities of the function ψ(r) at
r → R [8]. Present
ψ(p) =
4pi
p
[ ∫ R
−
0
dr sin prψ(r)r +
∫
∞
R+
dr sin prψ(r)r
]
; R± = R± δ; δ → 0. (41)
Assuming that ψ(r) is a continuous function at r = R while its first derivative experience s a
jump at this point, and integrating by parts we find
ψ(p) =
4pi
p2
[ ∫ R
−
0
dr cos pr(ψ′(r)r + ψ(r)) +
∫
∞
R+
dr cos pr(ψ′(r)r + ψ(r))
]
. (42)
Next integration by parts provides
ψ(p) =
4pi
p3
R sin (pR)[ψ′(R−)− ψ′(R+)] (43)
−4pi
p3
[ ∫ R
−
0
dr sin pr(ψ′′(r)r + 2ψ′(r)) +
∫
∞
R+
dr sin pr(ψ′′(r)r + 2ψ′(r))
]
Further integration by parts of the second term demonstrates that it is about 1/p times the first
one. Hence the leading contribution is provided by from first term. Thus indeed the Fourier
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transform of the function ψ(r) is determined by the jump of the first derivative. In the case of
the Dirac bubble potential the first derivative experience a jump [5], and the amplitude drops
as 1/p3, leading to the ω−5/2 law for the cross section–see Eq.(18). In the case of the well
potential the first derivative ψ′(r) is continuous while the second derivative experience a jump,
the first term on the right hand side of Req.(43) turns to zero, and one more integration by
parts should be carried out.
Consider now a simple potential with singularities in the complex plane
V (r) =
V0
pi
a
r2 + a2
; V0 < 0; a > 0, (44)
for which V (r)→ V0δ(r) at a→ 0. One can present
V (p) =
4V0a
p
∫
∞
0
dr
r sin pr
r2 + a2
.
The value of this integral is well known. We present its calculation in order to demonstrate the
origin of the exponential quenching of the cross section. Since the integrand is an even function
of r we can write
V (p) =
2V0a
p
∫
∞
−∞
dr
r sin pr
r2 + a2
= X1 −X2, (45)
with
X1 =
V0
ip
∫
∞
−∞
dr
reipr
r2 + a2
; X2 =
V0
ip
∫
∞
−∞
dr
re−ipr
r2 + a2
; p > 0. (46)
The integrals X1 and X2 can be calculated in the complex plane by closing the counter in the
upper and lower half-planes correspondingly. They are determined by the poles at r = ±ia
providing
V (p) =
2piV0a
p
exp (−pa), (47)
and
σ =
64pi2
3
αV 20 m
2a2
p5
exp (−2pa)ψ2(0), (48)
One can make a more general conclusion. The cross sections for photoionization of the
system bound by the field with singularities in the complex plane experience the exponential
drop with p. The power of the exponential factor is twice the imaginary part of the singularity
closest to the real axis.
We conclude this Section by considering the case of the modified Po¨schl-Teller potential [9]
V (r) =
V0
cosh2(κr)
; V0 < 0; κ > 0. (49)
Its Fourier transform is [10]
V (p) =
pi3V0
κ3
exp (−pip/2κ). (50)
Thus the cross section of photoionization is
σ(ω) =
4αpi6V 20
3κ6
p
ω2
exp (−pip/κ)ψ2(0); p =
√
2mω. (51)
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The cross section experience the exponential drop with p since the potential (49) has poles at
r = ±ipi(2n+1)/2κ where n is a natural number. The asymptotics is determined by the residue
ar r = ipi/2κ.
6 Summary
We demonstrated that the high energy nonrelativistic asymptotics of the photoionization cross
section in the central field V (r) can be obtained without solving the wave equation for the
bound electron and for the photoelectron. The asymptotics can be expressed in terms of the
Fourier transform V (p). The expression for the cross section is given by Eq.(8). It reproduces
the well known results for photoionization in the Coulomb field and in the Dirac bubble field.
We found that in any field with the Coulomb behavior at short distances the cross section
has the same ω−7/2 drop. The leading corrections to the asymptotic law are given by the
universal Stobbe factor. The photoionization cross sections experience the power drop for all
the potentials with the singularities at the real axis. The power is determined by the analytical
properties of the solutions of the wave equation at the singular point. In the case of the Dirac
bubble potential the first derivative of the wave function ψ′(r) has a jump and the cross section
drops as ω−5/2. In the well potential the first derivative is continuous while the second derivative
experience a jump. This provides the ω−7/2 law for the cross section.
It is demonstrated that the photoionization cross sections exhibit the exponential drop if
the function V (r) is regular on the real axis but has singularities in the complex plane. The
statement is illustrated by calculation of the cross sections for the potentials given by Eq.(44)
and (49).
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